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Abstract 
It is known that each octahedral-tetrahedral truss has at least one degree of freedom. We 
examine those that are relatively rigid, that is, that have exactly one degree of freedom. We 
include an automatic construction process of each relatively rigid truss that contains no hole. 
Necessary and sufficient conditions for a truss with one hole to be relatively rigid are derived. 
In the process of this characterisation we derive an analogue of the Three Axes Theorem of 
rigid-body mechanics. 1998 Published by Elsevier Science B.V. All rights reserved.. 
1. Introduction 
An octahedral-tetrahedral truss is a sub-structure of the structure obtained from two 
square horizontal grids of universally-jointed bars in which the joints of the lower grid 
are under the centres of the squares of the upper grid, and each joint of the lower grid 
is joined to each of the four closest joints of the upper grid by a bar. Such trusses are 
frequently used as light-weight wide-span roof support systems. 
A large octahedral-tetrahedral truss may be constructed on the ground and jacked 
into its final position. When being lifted it has a tendency to distort, taking up the 
shape of a hyperbolic paraboloid. But this does not prove the existence of a flex of the 
truss as the distortion may be the result of loosely fastened bars, or small deformations 
of the bars themselves. 
No matter how symmetric the design of any truss, due to small construction and 
assembly errors the truss may well be a generic model of the underlying graph [7]. It 
is known [8] that the rigidity matroid of any model is a weak-map image [5, p. 2671 
of the rigidity matroid of each generic model of the truss. Thus analysis of an actual 
truss may well predict the most rigid possible behaviour. However the effect of small 
deviations from a symmetric design in construction is reduced by elastic behaviour 
of bars and the truss will behave as if it were exactly constructed from the design. 
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Thus the infinitesimal behaviour of the truss is best approximated by assuming it to 
be perfectly built. 
Using this approach Crapo [l] examined certain octahedral-tetrahedral trusses. He 
analysed the infinitesimal motions of each by adding “rings” to a small truss. Each ring 
added has exactly one infinitesimal motion compatible with a non-trivial infinitesimal 
motion of the “surrounded” truss. In this way he proved that the trusses so obtained are 
not rigid. The trusses dealt with in this way are restricted in nature. However, there is 
no bound to their size. Consequently each octahedral-tetrahedral truss is embedded in a 
non-rigid truss. This immediately gives the following property of octahedral-tetrahedral 
trusses. 
Lemma 1.1. Each octahedral-tetrahedral truss has a non-trivial infinitesimal motion. 
We were motivated by the question of the rigidity of the space frame that spanned 
the symbol zone of Expo ‘70 [9], wondering whether the missing central section played 
a role. Lemma 1 .l tells us that no truss is rigid, but we characterise those trusses that 
are as stiff as possible. Our results show, in fact, that the truss in [9] is not made less 
rigid by the hole. 
In Section 2 we obtain the required basic properties of flexes of trusses. Theorem 3.1 
gives an analogue of the Three Axes Theorem of rigid-body mechanics that applies 
to flexible trusses. Section 4 deals with a class of trusses having a definable width. 
We prove that each truss of width 2 is relatively rigid. In Section 5, Theorem 5.3 
characterises those trusses without holes that are relatively rigid. It gives an automatic 
extension process for building each truss. Finally, in Section 6, we give necessary and 
sufficient conditions for a truss with one hole to be relatively rigid. 
2. Definitions and preliminaries 
We specify octahedral-tetrahedral trusses as in [l] by choosing the horizontal planes 
to be the z = 0 plane and the z = 1 plane. 
A truss T consists of a set V(T) of joints and a set E(T) of bars. The set V(T) 
is a subset of the set of all lattice-points (2m + 1,2n, 0) and (2m, 2n + 1, l), m and n 
integral. Two joints separated by a distance at most 2 may be joined by a bar. We ask 
also that T has a connected under-lying graph and contains a tetrahedron. 
A truss T is a sub-truss of a truss T’ if both V(T) G V( T’) and E(T) & _I!?( T’). The 
intersection TI n T2 of two trusses TI and T2 consists of the set V( Ti ) n V( T2) of joints 
and the set E( Ti ) Ti E( T2) of bars. The union TI U T2 U . . . of a set Ti, T2,. . . of trusses 
consists of the set V(T)= V(Tl)U V(T2)U . of joints and the set E(T)=E(Tl)U 
E(T2)u ... of bars. If the underlying graph of these two sets is connected then 
T = Tl U T2 U . . is a truss. 
We write V(T) = Vo( T) U VI(T), where K(T) contains the joints of T which are in 
the plane z = i. 
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Fig. 1. Four examples of trusses. 
Example 2.1. The truss Bmin is defined as follows. The set of joints is the union 
of V~(B~~~)~{(2~+~~2~~O)~~E{~~~O}~~~{O~~}} and VI (&in > = { (2C 2n + 13 1) / 
m E { -l,O, +l},n E { - l,O, 1)). Each two joints a distance at most 2 apart are joined 
by a bar of Bmin. 
The truss Bmin is of special significance, and it is the first of the four examples 
of trusses drawn in Fig. 1. As are all the illustrations for this paper, it is drawn in 
vertical projection, from above. Small circles represent joints and each bar is drawn as 
a segment joining two circles. If the projection of a bar in the z = 0 plane crosses the 
projection of a bar in the z = 1 plane, then the former is drawn broken. 
Each injnitesimal motion v of a truss is specified by assigning a vector irzfinitesimal 
velocity v(p) to each joint p of the truss. These infinitesimal velocities are subject to 
the inner-product condition; 
V(P) * (q - P) = v(q) * (4 - P), (*) 
for each bar with ends p and q. The usual finite motions of a truss are particular 
infinitesimal motions and the vector space M(T) of infinitesimal motions of a truss T 
contains a 6-dimensional subspace of rigid motions. The number of degrees of freedom 
of the truss is dim(M(T)) - 6. We reserve the term flex for a non-rigid infinitesimal 
motion of a truss and we explicitly specify such a flex in a truss T in the following 
lemma, thereby proving Lemma 1.1. 
Lemma 2.2. Let T be a truss. Then the assignment v((2m + 1,2n, 0)) = (-n, 0, -n 
-2mn) and v((2m,2n+ l,l))=(O,m,-m -2mn), for all (2mf 1,2n,O) in Vo(T) and 
for all (2m,2n + 1,1) in V,(T), is u frex of T. 
Proof. We embed T in a member of the family 
calculations show that the given formulas define a 
attention to T gives the required flex. q 
dealt with in [l]. There, routine 
flex of this truss. Restricting our 
Thus for any choice of x#~#O, from Lemma 2.2, each of the two illustrations 
in Fig. 2 represents a different flex of the same truss. The triple beside a joint is the 
infinitesimal velocity of the joint. 
A truss with exactly one degree of freedom is relatively rigid. Thus each flex of a 
relatively rigid truss T differs from a scalar multiple of another only by a rigid motion. 
Each truss of the family examined in [l] is relatively rigid. The truss Bmin is relatively 
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Fig. 2. Two examples of flexes of a truss. 
rigid. Choosing CI # P# 0 in the second example in Fig. 2 specifies a flex that does 
not differ from a scalar multiple of the first example by a rigid motion, proving that 
the truss is not relatively rigid. 
We make constant use of the straightforward proposition that adding a joint, joined 
by three non-coplanar bars to a relatively rigid truss, results in a relatively rigid truss. 
Lemma 2.2 expresses each infinitesimal velocity relative to a coordinate system at- 
tached to the tetrahedron with vertices (l,O,O), (0, 1, l), (- l,O, 0) and (0, - 1,l). We 
can just as well specify an infinitesimal motion of a truss relative to any of the tetrahe- 
dra belonging to the truss. Let A be a tetrahedron in some truss T. In an infinitesimal 
motion v of T we write VA(P) to mean the infinitesimal velocity of each joint p of 
T with respect to a coordinate system fixed to A. We choose each coordinate system 
to have the same z = 0 plane, the coordinate system attached to A having as its origin 
the centre-point of a bar of A, and as its x-axis the line containing this bar. Thus we 
deal with two families of coordinate systems, corresponding axes being parallel within 
each family, and a rotation through 7t/2 in the z = 0 plane converting a member of one 
family to a member of the other. 
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Lemma 2.3. Let v be a flex of a relatively rigid truss T. Suppose also that A is any 
tetrahedron of T. Then giving each joint its coordinates with respect to a coordinate 
system jixed to A, there exists an a # 0, so that v is speciJied by the assignment 
vd((2m + 1,2n,O))=cc(-n,O,-n - 2mn) and vd((2m,2n + l,l))=a(O,m,-m - 2mn), 
for all (2m + 1,2n,O) in Vo(T) and,for all (2m,2n + 1,1) in V,(T). 
Conversely, any such assignment specifies a ,Jex v of T relative to a coordinate 
system $xed to A. 
Proof. The calculations used to give Lemma 2.2, but carried out with respect to a 
coordinate system fixed to A, guarantee the existence of a flex of T that is described 
with respect to a coordinate system fixed to A when A is subject to the infinitesimal 
motion v. This flex and v agree in their effect on A. As T is relatively rigid, two 
flexes of T that agree in their action on A are scalar multiples of one another. Thus 
multiplying by an appropriate non-zero c( gives a description of v by the above formula. 
Conversely, we know that each scalar multiple of an infinitesimal motion of T is 
again an infinitesimal motion of T. 0 
Lemma 2.4. Let a truss T be the union, T = Ti U T2, of two trusses T, and T2. Sup- 
pose also that A is a tetrahedron of T that contains T1 n T2. Then giving each joint 
of T its coordinates with respect to u coordinate system jixed to A, for each x 
and /I, the following assignment specijies an infinitesimal motion of T. Let vd((2m 
+ 1,2n,O))=a(-n,O,-n - 2mn) and vd((2m,2n + l,l))=r(O,m,-m - 2mn),,fbr all 
(2m+ 1,2n,O) in h(F) andfor all (2m,2n+ 1,1) in V,(G). Let vd((2m+ 1,2n,O))= 
fi(-n,O,-n-2mn) and vd((2m,2n+l,l))=fi(O, m, -m - 2mn), for all (2m + 1,2n, 0) 
in Vo(Tz) andfor all (2m,2n + 1,1) in I4(T2). 
Proof. We apply Lemma 2.2 to Tr u A, choosing a. We repeat this process with T2 
in place of T, and p # CI in place of a. If each member of V( T, ) n V(T2) is in A this 
unambiguously allocates a vector v(p) to each joint p of T. The condition (*) holds 
for each bar of T, guaranteeing that this assignment defines a flex of T. 0 
It may be helpful to think of such an infinitesimal motion as a ‘twist’ about the 
tetrahedron A. Combining this result with Lemma 2.3 we have: 
Corollary 2.5. Suppose also that Ti and T, are each relatively rigid and A = 6 n T2. 
Then each iqfinitesimal motion of T = T u Tl is included in the ubove possibilities. 
The flexes of the truss shown in the two illustrations of Fig. 2 are obtained in this 
way. 
We now describe the motion of the centroid of one tetrahedron of a truss as seen 
from another tetrahedron of the truss. The centroid of a tetrahedron with vertices 
~1, p2, pi and p4 is the point p = i(pl + p2 + p3 + ~4). Thus the centroid of each 
tetrahedron of the truss has coordinates of the form (m,n, i), with m,n both even or 
both odd. 
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centrald velocity = (-(2n)/4.(2m)/4.-(2m)(2n)/2) centroid velocity = (-(2n+1)/4.(2m+l)/4.-(2m+1)(2n+l)/2) 
Fig. 3. Velocities of the vertices of two tetrahedra. 
Writing d(m,n, i) to mean the tetrahedron with centroid (m,n, i), we apply 
Lemma 2.3 in turn to each vertex of d(m,n, i) and obtain the infinitesimal veloc- 
ity of (m,n, +) 
~(0,0.1/2)((6~, ;)I = (-in, tm, -+n), 
in each of the two possible cases shown in Fig. 3. It is interesting that the horizontal 
component of the velocity of each centroid relative to A(m’, n’, i) is induced by the 
same horizontal rigid rotation about the point (m’, n’, i ). 
With respect to the coordinate system attached to A(m’, n’, i) the coordinates of 
(m,n, i) are (m - m’,n - n’, $). Applying Lemma 2.3 we obtain the following useful 
result. 
Lemma 2.6. Let T be a relatively rigid truss and v a $ex of T. Also suppose that 
each of (m,n, i) and (m’,n’, i) is a centroid of a tetrahedron in T. Then for some 
non-zero a that is independent of the choice of m,n,m’, and n’, 
vd(m~,n~,lpj((mrn, i)) = a(-t(n - n’), i(m - m’), -i(m - m’)(n - n’)). 
The next two lemmas help explain the behaviour of a union of relatively rigid trusses. 
Lemma 2.7. Let 8, T2 and T3 be three relatively rigid trusses. Let T = q U T2 U T3. 
Suppose also that Ti n T/ = Ak, where Ak is a tetrahedron, for {i, j, k} = { 1,2,3}. We 
write (mk,nk, i) for the centroid of Ak. Then at least one of the following possibilities 
holds: 
(i) (m2 - ml)(n3 - n2) - (m3 - m2)(n2 - nl)=O, and the truss T is not relatively 
rigid. 
(ii) (m2 - m,)(n2 - nl) + (m3 - m2)(n3 - n2) + (ml - mj)(nl - n3) = 0, and the truss 
T is not relatively rigid. 
(iii) The truss T is relatively rigid. 
Proof. We have, in any infinitesimal motion of the truss T, 
Vd(m,,n,,1/2)((m2,n2, ;)I + Vd(m?,n1,1/2)((m3,n3, iI> 
+vd(m,,n~,l/2)((ml,nl, ~>>=(O,O,O). 
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From Lemma 2.6, this translates to cl(-i(nz - nl), i(rn~ - ml),-i(rnz - ml) 
(122 - nt)) + B(-$(n3 - n2), t(m3 - m2),-+(m3 - m2)(n3 - n2)) + y(-a(n~ - n3), 
+(ml -m3),-$(ml -m3)(nl -n3))=(0,0,0). C onsequently, sl(m2 - m 1) + /?(m3 - ml) 
+y(ml -m3)=0, C1(122--II)fB(n3-n2>+y(nl -n3)=0, and a(m2-m1)(tz-nl) 
+Km3 -m2)(n3 -n2)+dml -m3)(n1 -n3)=0. 
These three equations have a solution other than c( = fi = y exactly when T is not 
relatively rigid. This occurs exactly when the associated determinant is zero. Adding 
columns we obtain the necessary and sufficient condition for T not to be relatively 
rigid is that one of (ml - ml)(n3 - 122) - (m3 - mz)(n2 - nl)=O, and (m2 - m,)(n2 
-nl)+(m3 -mz)(q -nz)+(ml -m3)(nl -n3)=0 is true. 0 
Lemma 2.8. Let Ti, T2,. . . , T, be n relatively rigid trusses, n 3 4. Suppose also that 
TinT+l=Ai, where Ai isa tetrahedron,for i=1,2,...,(n-l), T,nF=A,, where 
A,, is a tetrahedron, and T, n 7; = 0 in all other cases. Then T = C U T2 U . . U T, is 
not relatively rigid. 
Proof. In an argument similar to that of Lemma 2.7 we solve three homogeneous 
linear equations, in n rather than three variables, obtaining a non-trivial solution. 0 
3. A three centres theorem 
It is well-known [3, p. 281 that the three instantaneous centres of rotation associated 
with motion of three planar bodies confined to a plane are collinear. This result has 
been generalised 163 to the Theorem of Three Axes for three bodies moving in space. 
Let us consider three relatively rigid trusses, the joints of each being in the planes 
z = 0 and z = 1. As no truss is rigid we are not able to unambiguously describe motion 
relative to the truss. However if each of the two trusses share a tetrahedron, the shared 
tetrahedron provides a suitable frame of reference in which to compare motions of the 
two trusses, and we obtain the following theorem. 
Theorem 3.1. Let 6, T2 and T3 be three relatively rigid trusses. Let T = F U T2 U T3. 
Suppose that Ti n q = Ak, where Ak is a tetrahedron, for {i, j, k} = { 1,2,3}. We write 
(mk,nk, $) for the centroid of A,+. Then the truss T is not relatively rigid tf and only 
tf one of the ,following conditions holds. 
( 1) The crntroids of Al, A?, and A3 are collinear. 
(2) The coordinates of the centroid of A3 satisfy m3 =x + i(m2 - ml), and n3 = 
y + i(n2 - nl), where {x,y} is a solution to xy= -f(m2 - ml)(n2 - nl). 
Proof. The result follows straightforwardly from Lemma 2.7. Condition (i) is exactly 
equivalent to condition (1) above. Defining x = m3 - i(rnl +m2) and y = n3 - $(n, +nz) 
and substituting, condition (ii) of Lemma 2.7 is equivalent to xy = -i(rn2 - ml)(n2 
- nl), that is to condition (2) above. 0 
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Condition (2) has no equivalent in the three-bodies theorems referred to in 13, 61. It 
can be restated as requiring the sum of the signed areas of three rectangles, each having 
a pair of the points (~t,nl), (rn2,n2), and (mj,+) as diagonally opposite comers, to 
be zero. It would be of interest to have a mechanically meaningful interpretation of 
this condition. The first truss drawn in Fig. 8 satisfies this condition, and so is not 
relatively rigid. 
4. Lipped trusses of width two 
We now define and examine a class of octahedral-tetrahedral trusses that includes 
the first and second examples of Fig. 1 and the truss of [9]. 
A truss T is a lipped truss if the following three conditions hold. Any lattice point 
of the z = 1 plane is in the set Vr (T) exactly if it is a distance fi from a joint of 
V,(T), each two joints of V,(T) separated by a distance of at most 2 are joined by 
a bar, and each two joints of Vi(T) joined to a common joint of &(Z’) are joined 
by a bar. 
All four examples of Fig. 1, in particular the truss Bmin, are lipped trusses. 
In any lipped truss T the four joints of 6 (T) joined to a common joint p of V,(T) 
form the comers of a square whose sides are bars of the truss. The convex hull of the 
comers of this square is a squure of T. The examples of Fig. 1 contain 4,7,8, and 14 
squares respectively. The surfuce of T is the union of all squares of T. The boundary 
of the surface of T is the boundary of T. We note that a bar is in the boundary of a 
lipped truss if it belongs to exactly one square of the truss. 
Lemma 4.1. Let q be a joint that belongs to the interior of the surface of a Zipped 
truss T. Then q is the unique joint in the interior of the surface of a sub-truss Bmin 
of T. 
Proof. Let Bmin have q in the interior of its surface. Then h(Bmin) C h(T) forcing 
Bmin to be a sub-truss of T. 0 
Proposition 4.2. Let T be a relutively rigid Zipped truss and let Bmin be a truss de$ned 
as in Example 2.1. Further suppose that q is both a boundary joint of b(T) and the 
interior joint of the surface of Bmin. Then T U B,,,i,, is relatively rigid. 
Proof. The extension of T to T U Bmin falls into one of three categories. An example 
of each is shown in Fig. 4. In each, the truss Bmin and only part of T is drawn. 
Shaded regions represent squares of the surface of T and thick lines represent bars of 
the boundary of Bmin in each case. 
From Lemma 1.1 we have that each flex of T does extend to a flex of the enlarged 
truss in each case. In the first case we observe that the extension is obtained by a 
sequence of additions, each adding a joint joined by at least three non-coplanar bars 
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Fig. 4. Three extensions of a lipped truss. 
to a relatively rigid truss. Consequently the resulting extension is relatively rigid, the 
infinitesimal velocity of each added joint being uniquely determined by any flex of the 
original truss. 
In a similar way we may prove that each of the remaining two extensions shown in 
Fig. 4 is relatively rigid. 0 
A chord of a lipped truss T is a minimal path, made up of the union of bars, 
within the surface of T, that meets the boundary of T only in distinct end points. The 
length of a chord is the number of bars that the chord contains. The width of a lipped 
truss T that has the interior of its surface connected is the minimum of the lengths 
of the chords of T. Width is well-defined, as each truss contains a tetrahedron and 
consequently a chord interior to the surface of the truss. Any comer square of a lipped 
truss T is separated from the remainder of the surface of T by a chord of length 2, 
and consequently no lipped truss has width greater than 2. 
Theorem 4.3. Let T be a lipped truss of width 2. Then T is relatively rigid. 
Proof. As BInin is relatively rigid, from Lemma 4.1 there is a lipped sub-truss T’ of T 
that is maximal with respect to the property of being relatively rigid. If I$( T’) = V,(T) 
then T’ = T and T is relatively rigid. If p E G(T) - Vo(T’) then without loss of gener- 
ality p may be chosen so that it is joined by a bar to a joint q that is both a boundary 
point of the surface of T’ and an interior joint of the surface of T. From Lemma 4.1 
we have that q is in the interior of the surface of a sub-truss Bmin of T. From Propo- 
sition 4.2 applied to T’ we have that T’ U&i, is relatively rigid, contradicting the 
choice of T’. Therefore T is relatively rigid. 0 
The truss in [9] has width 2 and so is relatively rigid. 
5. Blocks and constructable trusses 
A lipped truss whose boundary is 
simple truss that is relatively rigid. In 
trusses that are blocks. 
a closed Jordan curve is simple. A block is a 
this section we constructively characterise those 
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It is straightforward to verify that each block B contains a joint in the interior of its 
surface, and consequently, by Lemma 4.1, contains a sub-truss Bmin. We try to extend 
a minimal block Bmin by simple stages to B, each stage giving a block. We do this by 
the method of Proposition 4.2. 
Let B be a block and q a joint of the boundary of B. Let Bmin have q as an interior 
point of its surface. Then if B f’ Bmin is a lipped truss with surface the union of three 
squares we call B U Bmin a type I extension of B. It contains two joints and eight 
bars not in B. If B n Bmin is a lipped truss with surface the union of two squares we 
call B U Bmin a type II extension of B. It contains five joints and sixteen bars that are 
not in B. If B n Bmin is a lipped truss with a surface of one square then B UB,i, is 
a type III extension of B. It contains eight joints and twentyfour bars that are not in B. 
In each of the three cases the enlarged truss is lipped, its boundary is simple and so 
from Proposition 4.2 it is a block. 
It may be helpful to picture a block in terms of its squares. In the type I extension 
we add one square, in the type II extension we add two squares, and in the type III 
extension we add three squares. In each case the added squares share two contiguous 
edges with the original block. 
We sum up the effect of these additions in the following lemma. 
Lemma 5.1. Let B be a block. Suppose further that B’ is a type I, II, or III extension 
of B. Then B’ is a block. 
Let B be a truss and Bi be a block that is a sub-truss of B. We call a type II, 
respectively type III, extension of Bi to a sub-truss Bi+l of B allowable in B if no 
type I, respectively type I or type II, extension to Bi is a sub-truss of B. A block B 
is constructable if each maximal sequence Bmin = B1, B2, . . . , B, of blocks, so that each 
Bi+l is an allowable extension of Bi in B, terminates at B, = B. Each such maximal 
sequence is a construction of B. 
Proposition 5.2. Let B be a block. Then B is constructable. 
Proof. Suppose that B is a block that is not constructable. Suppose further that B,,, is 
a maximal sub-block of B that is constructable from some Bmin. We give the boundary 
of each step Bi of the construction of B,,, an anti-clockwise orientation. 
Consider the region between the boundary of B and the boundary of B,,,. If the 
region contains no square there is nothing more to prove. If the region were to contain 
only squares that each had no more than one edge in common with B,,, then one of 
the first five drawings in Fig. 5 would occur in a drawing of B. In this figure shaded 
regions represent squares of the surface of B,,, and thick lines represent bars of the 
boundary of B. 
In each of the first three cases Lemma 2.4 guarantees that B would not be relatively 
rigid, contradicting our choice of B. In the fourth case the existence of a type II 
extension of B,,, contradicts the maximality of B,,,. In the fifth case the existence of 
a type III extension of B,,, contradicts the maximality of B,,,. 
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Fig. 5. Bars and joints not in El,,,. 
Fig. 6. Two successive right-hand turns on the boundary of B, 
If the region were to contain a square that had exactly two edges in common with 
B max then, as the boundary of B,,, is simple, the sixth case shown in Fig. 5 would 
occur. But the existence of a type I extension of B,,, within B would contradict the 
maximality of B,,, in this case. 
The existence of a square having three edges in common with B,,, would guarantee 
the existence of two successive right-hand turns on the boundary of B,,, and bordering 
a square of B as in the seventh drawing of Fig. 5. Let Bi be the earliest stage of the 
construction of B,,, with a continuous section of boundary that is disjoint from the 
boundary of B and contains two successive right-hand turns. Then, without loss of 
generality, one of the two drawings shown in Fig. 6 would be part of a drawing of Bi. 
In each case the unshaded squares are the latest added to give B;. 
The block Bi is the result of a type II or a type III extension that is not allowable 
in B. Thus these configurations do not occur and we have shown that the boundaries 
of B,,, and of B are identical. 0 
Theorem 5.3. The following three properties of a simple lipped truss T are equivalent. 
(1) T is a block. 
(2) T is constructable. 
(3) The width of T is 2. 
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Proof. Suppose first that the truss T is a block. Then Proposition 5.2 proves (2). 
Suppose that (3) holds for T. Then from Theorem 4.3 we have that (1) holds for T. 
It remains to prove (3) from (2). 
We argue by induction on the stages Bmin = B1, B2, . . . , B, = T of a construction of T. 
The minimal block Bmin has width 2. Let us assume that Bi has width at least 2. If B,+, 
is a type I extension of Bi, inspection of the possibilities shows that the chords of Bi+l 
are obtained from those of Bi by adding one new chord of length 2. If Bi+l is a type II 
extension of Bi, the chords of Bi+l are obtained from those of Bi by adding three new 
chords of length 2. If Bi+l is type III extension of Bi, six new chords of length 2 are 
added. In each case Bi+l has width 2. Thus T has width 2. 0 
The first two examples in Fig. 1 are relatively rigid, while the third is not. 
6. Trusses that contain a single hole 
A lipped truss T that contains one hole has a boundary consisting of the union of 
two closed Jordan curves, one inside the other. The two curves may touch, and if 
they do we call any common point a pinch joint of T. There are two possibilities. 
Firstly, the two curves may touch more than once. It is clear in this case that T is not 
relatively rigid. Secondly, the curves could meet at most once. In this case the interior 
of the surface of the truss is connected and the truss has a width. If the width of T 
is 2, from Theorem 4.3 we have that T is relatively rigid. Otherwise the truss has at 
least one bar that is a chord. 
The following list exhausts the remaining possibilities for the truss T: (i) T has 
exactly one single-bar chord; (ii) T has exactly two single-bar chords and no pinch 
joint; (iii) T has at least two single-bar chords and one pinch joint; (iv) T has exactly 
three single-bar chords and no pinch joint; or (v) T has more than three single-bar 
chords. 
In cases (i) and (ii) we use Lemma 6.1 to prove T relatively rigid. We put A equal 
to the tetrahedron that contains a single-bar chord. A straightforward argument gives 
two sub-blocks T, and T2 of T so that T = T, U A U T2 and T, n T2 contains a joint 
that is not a joint of A. The following lemma ensures that T is relatively rigid. 
Lemma 6.1. Let T, and T2 be two relatively rigid lipped trusses and let A be a tetra- 
hedron. Suppose also that each of Tl U A and T2 U A is relatively rigid. Then the truss 
T = Tl U A U T2 is relatively rigid if and only if T, n T2 contains at least one joint not 
in A. 
Proof. If T, and T2 share only elements of A we apply Lemma 2.4 to T, U A and 
T2 U A, choosing CI # /I # 0. This gives a flex that does not differ from a scalar multiple 
of a flex obtained from Lemma 2.3 by a rigid motion. Hence T is not relatively 
rigid. 
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Fig. 7. Four relatively rigid trusses 
Conversely, suppose that TI and T, do share a joint p that is not in A. We apply 
Lemma 2.3 to the truss TI u A and the tetrahedron A. With respect to a coordinate 
system fixed to A the restriction of a flex of T to the relatively rigid truss TI U A has 
the description given in Lemma 2.3, for some K = ~1. A similar argument describes the 
restriction of the flex of T to T2 U A, for some CI = ~2. Without loss of generality we 
know that the joint p belongs to a set {6,, b?} of two collinear bars of T, bl belonging 
to E( T, ) and b2 belonging to E( T, ). The joint also belongs to a second such pair of 
collinear bars. The lines of the two sets are perpendicular. The condition (*) associated 
with each bar of one of these sets can only be satisfied by an infinitesimal motion of T 
for which LX = /I. Thus T is relatively rigid. 0 
We give four examples of lipped trusses that have a single hole and are relatively 
rigid in Fig. 7. 
If T has at least two single-bar chords and a pinch joint then an argument similar 
to that of Lemmas 2.7 and 2.8 enables us to non-trivially solve three simultaneous 
equations and prove that T is not relatively rigid. 
Next we suppose that T has exactly three chords of length 1. Let the tetrahedra that 
contain a chord of T be Al, AZ, and A3. We write (mk,nk, 4) for the centroid of dk, and 
we are able to straightforwardly construct three sub-blocks T[, Ti and Tj of T so that 
T, = T,’ U A, IJ dk is relatively rigid, so that 7; n T, = Ak, and so that T = TI U T? U TJ, 
for {i,j,k} = {1,2,3}. 
From Theorem 3.1 we have the following three possibilities. Firstly, the centroids 
are collinear points, and T is not relatively rigid. Secondly, the centroids are not 
collinearpointsand(m~-m~)(n~-n~)+(m~-m~)(n~~n~)+(m~ -ms)(nl -nx)=O, 
and T is not relatively rigid. Thirdly, the truss T is relatively rigid. We note that the 
first possibility is able to arise only if the sum of the distances between pairs of the 
centroids is at least 4. 
Lastly, the truss T may have more than three single-bar chords. In this case we have 
from Lemma 2.8 that the truss T is not relatively rigid. The fourth example in Fig. 1 
is consequently not relatively rigid. 
In Fig. 8 we show two lipped trusses that have a single hole and are not relatively 
rigid, and one that is relatively rigid. The tetrahedra that contain single-bar chords are 
shaded in each of the three examples. 
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Fig. 8. Two trusses that are not relatively rigid, and one that is 
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